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Abstract 

We prove that each action of a compact matrix quantum group on 
a compact quantum space can be decomposed into irreducible repre- 
sentations of the group. We give the formula for the corresponding 
multiplicities in the case of the quotient quantum spaces. We describe 
the subgroups and the quotient spaces of quantum SU(2) and S0(3) 
groups. 

Introduction 



Quantum groups have been already applied in various areas of physics, like 
conformal field theory and exactly solvable models in statistical mechanics. 
It is especially interesting that they could possibly describe symmetries of 
(quantum) space-time in a future quantum gravity. In the same time, the 
nature and properties of quantum groups are still under investigation. The 
local description of quantum groups is given in terms of quantum universal 
enveloping algebras (cf e.g. [Dr], [J]). In the global description we investigate 
the functions on quantum groups (cf e.g. [W2], [RTF]). A deep insight in 
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that global stnictiirc is given by the topological approach developed in the 
series of papers of S.L. Woronowicz [W1]-[W6]. We use that approach in the 
present paper. 

The classical SU{2) and SO (3) groups play an important role in descrip- 
tion of spherically symmetric, stationary problems in physics. Also their 
subgroups are important in description of various physical systems. The 
description of quantum SU{2) groups was given in [W2]. Their quantum ho- 
mogeneous spaces, quantum 2-spheres, were investigated in [PI], [P2], [P5] 
(of also [VS2]). However, the general theory of quantum subgroups and quan- 
tum homogeneous spaces was only touched there. In the present paper we 
want to treat that subject im more detail. We also provide more examples. 

In Section 1 we investigate the general theory of the (right) actions of 
(compact matrix) quantum groups on (compact) quantum spaces. In Sec- 
tions 2 and 3 the theory is illustrated on the example of quantum SU(2) and 
5*0(3) groups. We classify their subgroups and describe the corresponding 
quotient spaces. Provided examples of finite quantum groups can have an 
application in the theory of pseudogroups of Ocneanu. In the course of the 
paper we substanciate some statements made in [PI] and [P5]. The results 
of the paper were partially contained in [P3] and partially announced in [P4] . 

Throughout the paper we use the terminology and results of [W2], [W3]. 
All considered C*-algebras and C*-homomorphisms are unital. The symbol ~ 
denotes a C*-isomorphism. If M is a subset of a C*-algebra A then < M > 
denotes the closure of span M. Let us recall (cf [Wl]) that (compact) 
quantum spaces X are abstract objects which are in bijective correspondence 
with C*-algebras C{X). In particular, if X is a usual (compact Hausdorff) 
space then C{X) has the usual meaning of C*-algebra of continuous functions 
on X. Each commutative C*-algebra can be obtained in that way (up to a 
C*-isomorphism) . 

We use the Pauh matrices 
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We sum over repeated indices which are not taken in brackets (Einstein's 
convention). For a; G R, E{x) denotes the integer part of x. 
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1 Symmetries of quantum spaces 



In this Section we define the notion of subgroup of (compact matrix) quantum 
group. We also provide the basic notions concerning the actions of quantum 
groups on (compact) quantum spaces. We prove that each such action can 
be decomposed into irreducible representations of the quantum group. We 
give the formula for the corresponding multiplicities in the case of quotient 
quantum spaces. 
Let us recall 

Definition 1.1 ([W3], [W7]) 

G — (A, m) is called a (compact matrix) quantum group if A ^ {0} is a 
C*-algebra, u — {uij)fj^-^ is an N x N matrix with entries belonging to A 
and 

1. A is the smallest C* -algebra containing all matrix elements of u 

2. there exists a C*-algebra homomorphism $ : A — > A® A such that 

N 

^{Ukl) =^Ukr®Url k,l = 1,2, . . . ,N, (1) 

r=l 

3. u and = {uik)k,i=i CL'f^ invertihle. 



In particular, each compact group of matrices G C GL{N, C) is a quan- 
tum group [W3]. Then A — C{G) and u corresponds to the fundamental 
representation of G: Uij{g) =gijEC, gEG,i,j = l,...,N. Each quantum 
group with commutative A is of that kind (up to a C*-isomorphism). We 
use the notation A = C{G) for any quantum group. We say [W3] that w is 
a (smooth nondegenerate) representation of G if w is an invertible M x M 
matrix with entries in A and 

N 

^i^kl) = J2'^kr<^Wrl, k,l^l,2,...,M, 

r=l 

for some M G N. We denote M = dim w. It is easy to see (cf [W3]) that 
is also invertible and therefore the w- image of G is a quantum group: 
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Proposition 1.2 

Let w be a representation of a quantum group, M — dim w. Then 



{C*{{wij:i,j = l,...,M}),w) 
is also a quantum group. 

Note. Let C*{{wij : i,j = 1, . . . ,M}) = A. Then quantum groups {A,u) 
and {A,w) have the same $ and can be identified. 

The unital *-algcbra generated by all matrix elements of u is denoted by 
A. Tensor product (@), direct sum (©), equivalence (^) and irreducibility of 
representations of G are defined as for usual matrices (cf [W3]). In particular, 
representations w, w' are equivalent if dim'u; = dimty' and there exists S e 
G'L(dimu', C) such that w — Sw'S"^. Each representation is equivalent to 
a representation which is unitary (as matrix). Let {u'^}t-^g '^^ 
nonequivalent irreducible unitary representations of G. We denote by the 
trivial representation (0 G G, dimu^ = 1 and = I). Set dr = dimu'^. 
Due to [W3, Prop. 4. 7], the matrix elements of all u'^, r E G give a linear 
basis of A. The Haar measure h is the state on C{G) which is equal 1 
on / and on other matrix elements of u'^, t E G. It is invariant, i.e. 
{id^h)^x) = {h®id)^{x) = h{x)I, x G C{G) [W3, Th.4.2]. According to 
(5.10) and (5.15) of [W3], there exist matrices F^, a E G, such that 

hKm*uL) = (TrF^a))-'S^pSUFCJ>)ik ■ 

We set = {TrF^a)K^*{Fia))ks, pL(^) = h{^sm^) for x e G{G), aeG, 
s,m — 1, . . . ,da- Then p"^ are continuous linear functionals on C{G) and 

Psmi'^ln) = ^apSslSmn, P & G , I, H ^ 1,2, . . . , dp. HenCC, 

(PL®PS)*G = 5^^5a(/3)pJ (2) 

(the action of both sides on all m^j, is the same). We put P^^ — {id® Pg^)^G, 
= Pss £ C{G)' (Einstein's convention!). Then 

PfmC{G) C span {< : i = 1, 2, . . . , dj, (3) 

p"(«fj = 5^p5in (4) 
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(cf [W3, eq.5.37]). In particular p° = h. The basic notion of this Section is 
given by 

Definition 1.3 

We say that a quantum group H = {B,v) is a (compact) subgroup of a 
quantum group G = {A,u) if dimv = dimw and there exists a 
C* -homomorphism 9hg '■ ^ — ^ B such that OnGiuij) = Vij, i,j — 1,2, ... , dim u. 

Notice that 6hg niust be a C*-epimorphism. 

Let H G G he two compact groups of matrices. The conditions of Def.1.3 
are then satisfied by 9hg — i* where i : H — > G is the natural embedding. 
Conversely, let G be a compact group of matrices. Then each its subgroup 
in the sense of Def.1.3 is also a compact subgroup in the usual sense (up to 
a C*-isomorphism). 

According to Def.1.3, SqU{N),q G (0,1] (see [W4]) is a subgroup of 
SqU{N + 1) (we use the identification of Note after Prop. 1.2 for the rep- 
resentation w^u®u° oi SgU{N), cf eq.(1.7) of [NYM]). 

The second main notion of the paper is introduced as follows. 

Definition 1.4 

Let X be a quantum space and G be a quantum group. We say that a 
C* -homomorphism, T : C{X) — > C{X) <S)C{G) is an action of G on X if 

a) {T^id)T = («d®$G)r 

b) <{I® y)Tx : X e C{X),y e C{G) >= C{X) ® C{G) 

Remark 1. This definition is more restrictive than that used in [PI]. 
Nevertheless, Thm.l and Thm.2 of [PI] remain true if we use instead Def.1.4 
(cf Corollary 1.6). 

Remark 2. In the classical case (i.e. if X is a usual compact Hausdorff 
space and G a compact group of matrices), Def.1.4 means that T — a*, where 
a : X X G — > X is a right continuous action of G on X in the usual sense 
(including the condition (7{x, e) = x for x G X). 

Let X be a quantum space and G be a quantum group. Let us fix a C*- 
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homomorphism F : C{X) — > C{X) ^C{G). We say that a vector subspace 
W C C{X) corresponds to a representation f of G if there exists a basis 
ei, . . . , Crf in such that dimt> = d and Tck = ® Vmk, k = 1,2, . . . d. It 
occurs that if F is an action of G on X then C {X) can be decomposed into 
vector subspaces corresponding to irreducible representations of G: 



Theorem 1.5 

Let F be an action of a quantum group G on a quantum space X . We 
denote = {id0p" )T, Wa = E"G{X) C C{X) for a e G (see g)). Then 

1) c{x) = ®~w: 

2) For each a G G there exists a set and vector subspaces W^i, i G /«, 
such that 

b ) Wai corresponds to for each i & la 

3) Each vector subspace V C C{X) corresponding to is contained in Wa 

4) The cardinal number of la doesn't depend on the choice of {Wai}i(^ia- It 
is denoted by Ca and called the multiplicity of u'^ in the spectrum o/F. 



Proof.l)2) Set Ef^ = (zd®p^jF : G(X) — ^ G(X), a e G, s,m 
1,2,..., da- Using condition a) of Def.1.4 and (0), we get 



= N ©(pL ® P^j)^G]r = 5^.5aip)E^sr (5) 

By virtue of < x"^ : a ^ G, s,m = 1, . . . ,da >= C{G) and condition b) of 
Def.1.4, we obtain 



< E'^^x : a E G,s,m = 1, . . . , da, x G G(X) > 

=< {id®h){I®y)Tx : y G G(G),x G G{X) >= G(X). 

Let W^' = E(",)(,)G(X). Using (D and (|), we get 



(6) 



But = Ef^, hence 



G{X) = © W^'. (7) 

a,s 



Wa= ® W% (8) 
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which proves 1). Let {eaii}i£i^ be a basis of W"^. We set Cais = El'^'eaii, 
s = 1, . . . ,da, i & la- In virtue of (|^), {eais}ieia is a basis of W""^. Putting 
Wai = span {cais : s = 1, . . . ,da} and using (||), we get 2a). Using condition 
a) of Def.1.4 and (|), we get 

= [id (g) P(")(^)]re„is G C(X) (g) span {u"^ : j = 1, . . . , ci„}. 

Therefore Tcais = X{a)i{s)j ®u^s some Xaisj ^ C'(G'), j = 1, 2, . . . , (ic. 
Acting on both sides by {id® p^i))^ ^ = 1, 2, . . . , we obtain E^l^Cais = 

•^aiski hence X^isk ^aiki -TCms ^{a)ij ® ^jsi ^ 1)2,..., C?q,, ^ G /q. It 

proves b). 

3)4) Let ei, 62, ... , e^^ form a basis of V C C(X) such that Fe^ = Cj ® u'jg, 
s = l,...,da.We get E^^ei = e^, r = 1, . . . , Thus = ^(°)(^)e^ G VT"'' C 
Wa, which proves 3). Moreover, we see that each decomposition of type 2a) 
can be obtained as in proof of 2). Therefore the cardinal number of is 
equal to dimVT"^ for each choice of {Wai}i£i^- 



Corollary 1.6 

Let X be a quantum space, G be a quantum group and F : C{X) — > 
C{X) ®C{G) be a C* -homomorphism. Then F is an action of G on X iff 
there exist sets J^, a E G, and linearly independent and linearly dense el- 
ements Camj, Oi E G , m E Ja, j = I,..., da, in C{X) such that TCamj = 

^ams ^u^^^ . In that case jj^Ja = Ca if one of these values is finite. 



Proof. '=^'is contained in Theorem 1.5. Conversely, let such elements Camj 
be given. Then condition a) of Def.1.4 is satisfied (it suffices to check it on 
^amj), while the condition b) follows from Camk^w = 
{/ ®[w(M"^)"\^.]}Fe(Q,)mj, where w G C{G), a e G, m e Ja, k = 1,2, ... ,da. 
Moreover (see the proof of Th.1.5), W"'^ =< Cams : m E Ja >, Ca = 
dim < Cami : rn E Ja > , which proves the last statement. □. 
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Now we shall find the numbers Cq for the quotient spaces. Let H he a 
subgroup of a quantum group G. The quotient space H\G is defined by 

C{H\G) ^{xe G{G) : {eHG^id)^GX = / 

(cf [PI, Sec. 6]). Similarly as in [PI, Sec. 6] we get that Eh\g — 
{hu ®id){9HG®id)^G is a completely bounded projection from C{G) onto 
C{H\G). Moreover, {Eh\g 'S' id)^G = ^gEh\g- Thus we can define 

rH\G = : CiH\G) CiH\G)^C{G). 

Let a E G. The representation dnciu") of the group H can be decom- 
posed into a direct sum of irreducible representations among which the trivial 
one appears with a multiplicity which we denote by n^. Taking a suitable 
form of u"" we get 



hH{eHG{ut^)) 



6ij for i = j, i = l,2,...,na, 
otherwise . 



Therefore EuYi'^mj = for 1 < m < and EH\Gu'^j = for < m < 

da: j Ij • • • I da, OL G G. HcUCe, Camj '^mji ^ 1) • • • i ^ctj j 1; • • • ; C?q,, 

a G G, have the same properties as in Corollary 1.6 with = {1, . . . ,na}- 
We obtain 



Theorem 1.7 

Let H be a subgroup of a quantum group G. Then Thxg = ^g\c(h\g) ' 
C{H\G) — > G{H\G) O C{G) is an action ofG on H\G. Moreover, Ca = rta 
(the multiplicity of the trivial representation (J) in the decomposition of 
0hg{u'^) 'into irreducible components). 



Definition 1.8 

All the pairs {H\G,Vh\g) obtained in the above way (and the pairs iso- 
morphic to them) are called quotient. Let V be an action of a quantum group 

G on a quantum space X . We say that a pair [X, V) is embeddable if G{X) ^ 
{0} and there exists a faithful G* -homomorphism : G{X) — > G{G) such 
that ^G'4' = {ip®id)T (cf [VS2]). We say that {X,T) is homogeneous if 
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Co = 1. 



Remark 3. In the classical case C{H\G) is the commutative C*-algebra 
of functions which are constant on the orbits Hg {g G G) of the subgroup H 
of G. Let TT be the continuous projection tt : G — > H\G. Then vr* identifies 
that C*-algebra with the C*-algebra of continuous functions on the usual 
quotient space H\G. Then F is identified with a*, where a is the usual right 
continuous action of G on H\G. 

Remark 4. In the classical case (X, F) is homogeneous iff X is 
homogeneous w.r.t. the action a of the group G (see Remark 2). 

Proof. Let x G G{X). Then x G Wq iff Fa; = x®/ iff x{pg) = x{p), 
peX,geGiSxis constant on the orbits pG of G. 

<=: li X ^ {0} is homogeneous then pG = G, Wq = CI, Cq = 1. 

X 7^ {0} since Cq = 1 > 0. Assume ad absurdum that X is not 
homogeneous. Then there exist p,p' E X such that p' ^ pG. By the Urysohn 
lemma there exists / G G{X) such that < / < 1, /j^^ = 0, f{p') = 1. Let 
k = {id®h)Vf. Then E^f eW^ ^ CI. But k{p) = JGf{P9)dg = 0, 
^(pO = lGf{p'9)dg > 0. This contradiction proves the homogenity oi X. □. 

A relation among the above notions is given by 

Proposition 1.9 

Let F be an action of a quantum group G on a quantum space X. Then 

a) {X, F) is quotient =^ {X, F) is embeddable =^ (X, F) is homogeneous 

b) In the classical case {X, F) is quotient <^==^ {X, F) is embeddable <^=^ 
{X, F) is homogeneous 

Proof: a) The first implication holds for t^b = id : G{II\G) — > G{G). 
Let now (AT, F) be embeddable, x G C{X), Fx = x®I. Then (^ci^i^) = 
ip{x) (8)/. Acting on both sides by id® ha we get %l]{x) = hG{4>{x))I G C/, 
x G CI. Thus Wo = CI, Co = I. 

b) In this case each homogeneous space is (up to a homeomorphism) quo- 
tient, which proves the implications opposite to that of a). □. 
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Remark 5 . Examples of non-compact quantum homogeneous spaces are 
given by [W8]. 

2 Subgroups and quotient spaces of quantum 
SU{2) groups. 

In this Section we classify the subgroups of quantum groups SUq{2), 
q e [— 1, 1] \ {0}. The corresponding quotient spaces are described (for 
ge(-l,l)\{0}). 

First, let us recall that compact subgroups of SO {3) are given by 

a) ^0(3), 

b) SO {2)n (all rotations around the axis given by n), 

c) DO{2)n (the elements of SO{2)n and all rotations through angle tt around 
axes perpendicular to n), 

d) Cm,n (rotations through angles ^k, k = 0,1, . . . ,m — l, around axis given 
by n), m = 1,2, . . ., 

e) Dm,n,4> (the elements of Cm,n and rotations through angle tt around m 
axes in plane perpendicular to n, with equal angles between neighbouring 
axes, where denotes the angle in between the projection of 63 on (t^ (we 
take ei instead of if n = ±63) and first axis in anti-clockwise direction), 
m = 2,3,..., < < ^, 

f ) Tn (the symmetries of regular tetrahedron with one of vertices in direction 
of n, where is now measured towards a projection of an edge starting in 

this vertex), < < ^, 

g) On^(f, (the symmetries of regular octahedron with n, defined as in f)), 
O<0<f, 

h) In4> (the symmetries of regular icosahedron with n, defined as in f)), 
O<0<f, 

where n is a unit vector. We have two opposite choices of n for any 
subgroup in b)-f) (in the case of f) the change of sign of n corresponds to 
the inversion of the tetrahedron) and many choices of n corresponding to the 
vertices of the sohd for any subgroup in f)-h) (thus we have 8 choices for f); 
is unique for a given n, but can depend on its choice); moreover Ci doesn't 
depend on n, D2 depends only on the set of three perpendicular axes; other 
subgroups are distinct. 
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Let j3 : SU{2) — > 5*0(3) be the standard continuous two-folded covering: 
\/3{g)]w = gwg~^, where g G SU{2), w = xa^ + yoy + za^ — {x,y,z) G R^. 
The compact subgroups H C SU{2) fall into two classes: 

1) — / ^ H. Then f3(H) can't contain Cm,n for any even m. We must have 
(3{H) = Cm,n for some odd ni. Then we have exactly one such subgroup 
H = (Zm)n = {-R^^ : A; = 0, 1, .... m — 1}, where R is any generator of cyclic 
group P^^{Cm,n) (the choice of R is irrelevant, opposite choices of n give the 
same subgroup, for m = 1 n is irrelevant, other subgroups are distinct). 

2) —I G H. Then all distinct possibihties are given by if = P'^CW), where 
W is any compact subgroup of 5*0(3). 

Quantum SU{2) groups [W2] are defined as SUq{2) = {A,u), q G [—1, 1]\ 
{0}, where A is the universal 0*-algebra generated by two elements a, 7 
satisfying 

a*a + 7*7 = /, aa* + 5^7*7 = /, 7*7 = 77*, 
aj = qja, aj* = 57*0; 

and 



For g = 1 we get the usual SU{2) group. According to [W2, Sec. 5], all 
nonequivalent irreducible representations of SUq{2) can be chosen as 
{da}aeT^/2, dim = 2a + l, daQ)dp ~ 8 rf|a-/3|+i ® ■ ..®da+p. We can 

put di/2 — u. The classification of subgroups of SUq{2), q G (—1, 1) \ {0}, is 
given by 




Theorem 2.1 

SUq{2), g G [— 1, 1] \ {0}, has the following subgroups: 
a) SUq{2) = {A,u) 

" z, 
0, z 
, G R. 

0, ^ 

and z^n) e 0(Z„) is defined by (e^'^^*^/") = e^'^^*^/", n = 1, 2, . . .. 



b) U(l) = (C{S'), 

given by z{e'"^) = e 

C) Zn = {C{Zn), 



where = {e^'t' : G R} and z G C{S^) is 



where Z„ = {e^^**^/" : A; = 0, 1, . . . , n - 1} 
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For q G (—1, 1) \ {0} the above list contains all subgroups of SUq{2) (up 
to C*-isomorphisms, without repetitions). 

Proof: a) is obvious. 

b) Compact group of matrices corresponds to the quantum group 
{C{S^),z). By Prop. 1.2 (for w = z®z), U{1) is also a quantum group. The 
elements a = z and 7 = satisfy (|]), hence Ou{i)sUq(2) exists, U{1) is a 
subgroup of SUq{2). 

c) can be proved analogously. 

We shall prove the last statement. Let H = {B,v) be a subgroup of 
Sf/,(2),ge (-1,1)\{0}. Then 

r a, -g7* 
_ 7, a* 

where a, 7 satisfy(y). Moreover, B = C*{a,^). A detailed analysis of re- 
lations (H) shows (cf [W2], [VSl]) that (up to a C*-isomorphism of the C*- 
algebra B) 

1) a = ao ® IciA), 7 = 7o ® f^, or 

2) a = f/, 7 = 0, 

where ao,7o G B{Hoq), Hoo is a Hilbert space with an orthonormal basis 

= (1 - q^'^f'fm-u lofm = q'^fm (/-I = 0), m = 0, 1, . . . , 

U G C(A) is given by [/(e**^) = e**^ for e**^ G A and A is a nonempty compact 
subset of S^. 

In the case of 1) we define unitary operator Dc G B^H^o) by D^fk = ^^'^^ fk, 
fc = 0, 1, 2, . . ., c G R. Using $//7 = 7 (g) a + a* (g) 7 we get 

{Dl®id® Dc®id)^Hl{Dl®id® Dc®idY = e"*'=$H7. 

Therefore 

Sp{^H7) = e-^'Spi^Hl). (10) 

But ^ho: and $^7 7^ also satisfy (Q), hence they are (up to a 
C*-isomorphism) such as in 1) for some A'. By virtue of (^^), A' = e~*'^A' 
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for all c G R, A' = S\ Since Sp{^H7) C Sp^, A' C A, A = S\ We can 
identify H with SUg{2). 

In the case of 2) — a<Sia. Therefore 

A • A = Sp{a (g) (5) = Sp^H^ C ^pa = A. 

We get A = 5"^ or A = n = 1, 2, Hence, H is such as in b) or c). 

These subgroups are distinct since the corresponding C*-algebras are non- 
isomorphic. □. 

Remark 1. In the case of g = 1 SUq{2) = SU{2) = p-\S0{3)), 



e^<^, 
0, e" 



e R 



p-\S0{2U), 



0, 



-2'Kik/n 



: /c = 0, 1, . . . , n — 1 



which is (Z„)e3 for odd n and (5~^{Cn/2,e3) for even n. 

Now we shall classify the subgroups of G = SU -i{2). Some related facts 
were already given in [Z] . Here we proceed in a little bit more complete way. 
First, analysing the set Sp{A) of unitary equivalence classes of nondegener- 
ate irreducible representations of the C*-algebra A (cf [W2, Remark after 
Th.A2.3]) we get 

Proposition 2.2 

Let q = —1. There exists the surjection r : SU{2) — > Sp{A) such that 

1) [r(w)](a) = aa^, [r{w)]{-f) = cay for ac ^ 0, 

2) [r(w)](a) = a, [r(w)](7) = for c = 0, 

3) [T{w)]{a) = 0, [r(w)](7) = c for a = 0, 
where 

fa, -c\ ^ ^^^2). (11) 



w 



We denote tt^ = t{w) and ttz 



c, a 

'- ©«)ez7i"«j for any Z C SU{2). 



Remark 2. Let tt e '5'p(A). If dimTr = 1 then T"^(7r) consists of 1 
element (case 2) or 3) above). If dimyr = 2 then T~^(7r) consists of four 
elements of SU{2) which give equivalent irreducible representations. These 
elements can be obtained one from another by change of sign of a or/and c. 
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Let S C Sp{A). We set 

S = {tt e Sp{A) :|| n{x) \\<\\ © p{x) \\ for all x e A} 

pes 

(cf [Dix, §3.1]). Clearly S C S, S = S. Denoting Zs = t^^{S) and by Z the 
closure of a subset Z C SU (2) we have 
Proposition 2.3 

Zq = Zs- 



Proof. " D" : If w E Zs then there exists a sequence Zs 9 w„ — »■ ti'. It is 
easy to check that 

II vr^(a;) ||< sup II 7r^„(x) ||<|| © p(x) ||, a; G A, 

n pes 

hence n^j E S, w E Z^. 

"C": If w G then vr^ G S, || vru,(x) ||< sup^g^^ || 712(0;) || for all x E A. 
Let us first consider the case where ac 7^ (see ([TT|)). Setting 



(a^ _ a2)*(a2 _ + (^2 _ ^2)*^^2 _ ^2^ 



we get sup^g^g II TTzix) \\< 8 =|| 7r^(x) ||. Hence, there exists a sequence 
2„ G such that || TTzni^) II — ^ 8. One can prove that (maybe replacing Zn 
by z'n with r(z„) = t{z'^)) Zn — > w, w E Zs- The other cases can be dealt 
with in the same manner (for c = we set x = 4J — (a — a)*(a — a) — 7*7, 
for a = we set x = 4J - (7 - c)*(7 - c) - a*a). □. 



Let us introduce a new (non-associative) product * in SU{2). We set 
X * y = X ■ y ioT a\\ x,y E SU (2) except of the case 

^=(c; r)' ^=(c', r )'ici=i^'i=i, 

14 



when X * 7j = —X ■ y. Wc say that Z C SU (2) is r — conformable if Z = Zs 
for some S C Sp A. The subsets and subgroups of S-iU{2) are characterized 

by 



Proposition 2.4 (cf Section 2.3 of [Z]) 

1. Let Z be a compact, r-conformable subset of SU{2). Then ttz '■ A — > 
Trz{A) is a C*-epimorphism. In that way we obtain all C*-epimorphisms from 
A (up to C*-isomorphisms of the image, without repetitions). 

2. Let Z he a. compact, r-conformable subset of SU{2) such that Z *Z G 
Z. Then Gz = {nz{A), {'n'z{uij))f j^^) is a subgroup of S^iU{2). In that 
way we obtain all subgroups of 5'_i^7(2) (up to C*-isomorphisms, without 
repetitions) . 

Proof. 1. Each C*-epimorphism from A has (up to a C*-isomorphism of 
the image) the form ©pes P for some S C Sp{A) {A is separable). It is clear 
that II ©pG5P(«.) 11 = 11 ©pGsP(«) II for any S C Sp{A) and a E A. Moreover, 
if II ©/9e5P(o) 11 = 11 ©peTp(a) II for some S — S, T — T and any a E A then 
S = T (since S C f, T C S). Passing to the subsets of SU{2) and using 
Prop. 2. 3, we get our statement. 

2. Let p',p" G Sp{A). It is easy to check that {p' ® p")(^G is unitar- 
ily equivalent to ©pes p where Zs = Z^p/y * Z^p^y. Hence (for Z as in 
1.), Z * Z C Z iff II (7rz®7rz)$G(a) ||<|| 7rz(a) || (for all a e ^) iff 
there exists a C*-homomorphism : 7rz{A) — > 7rz{A) 7iz{A) such that 
(71^(8)71^)$^ = ^TT^ iff Gz is a subgroup of S'_it/(2) (the conditions 1,3 of 
Def.1.1 for G imply the same properties for Gz)- 

In the following we assume that Z is a compact, r-conformable subset of 
SU (2) such that Z * Z C Z. We shall find all such subsets. Let us set 




We have two cases. 
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1. Z C L. For e R we put 



n - ( \ K - ( -^'"^ ] 

^^-[O, e-"f' e^^, ) ■ 

Using the definition of * we find that Z has any of the following distinct 
forms: 

a) Z = L = p-\D0(2),,) 

b) Z = {O^ : e R} = P~'{S0{2),,) (then Gz ~ 

c) Z = {02^k/n, ^27rfe/n+0o-7r/2 : = 0, 1, . . . , 71 - 1} where n = 1,2,..., 
< 00 < ^ = /3^^(-D„/2,e3,</)o) foi" ^ even, Z is not a group for n odd) 

d) Z — {02nk/n '■ k — 0,1, . . .n — 1} where n — 1, 2, . . . (then Gz ~ Z„; 
Z = /9~^(C„/2,e3) for n even, Z = (Z„)e3 for n odd) 

II. Z L. Then — / G Indeed, let w E Z be such that ac 7^ 0. Hence, 
w*^ = w * ■ ■ ■ * w {k times) belongs to Z for any k = 1,2,.... Therefore 
w"^ e Z (cf the argument in [W3, proof of Th.1.5]). But (r-conformability) 
—w e Z. We get — / = —w * e Z. Consequently, the considered set Z 
must have a form Z = P~^{W), where W is any compact subgroup of SO (3) 
such that goWgQ^ C W (where go is the rotation through angle n around the 
axis X3) and W ^ 00(2)^3 (omitting the last condition is equivalent with 
adding the cases Ia)-Ib) and the cases Ic)-Id) with even n). 

We get the following W: 

a) SO (3) (then Gz ~ SU-i{2)) 

b) S0{2)n with n perpendicular to 63 

c) D0{2)n with n perpendicular to 63 

d) Cm,n with n perpendicular to 63, m = 3, 4, . . . 

e) Dm,n,o with n perpendicular to 63, m = 3, 4, . . . 

e') Dm,n,n/2m with 11 pcrpcndicular to 63, m = 2, 3, . . . 

f) (the group of symmetries of regular tetrahedron freely hanging on a 
horizontal edge, gives the angle between ei and this edge in anti-clockwise 
direction), < < 7r/2 

f) ' (the group of symmetries of a regular tetrahedron with one edge in 
vertical position, the opposite one in horizontal position, gives the angle 
between ei and this edge in anti-clockwise direction), < < tt 

g) Off, (the group of symmetries of regular octahedron defined as in f)), < 

< TT 

g') O^^^ with n = 63, < < 7r/2 
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h) (the group of symmetries of regular icosahedron defined as in f)), < 

(j) < TV 

Change of sign of n doesn't change W in any of the cases b)-e'). Besides, 
we have distinct W and distinct Z = (3~^(W). Combining the above results 
with Prop. 2. 4, wc get all non-identical subgroups of S'„if/(2). 

Remark 3. Let Z be r-conformablc subset of SU{2). Then (using an 
argument similar to that in [W3, proof of Lemma 4.8]) we get dim irzi^) — 
^Z (whether #Z e N or #Z = oo). In particular, under assumptions of 
Prop. 2. 4. 2, (Mm.C{Gz) = #-2'. Therefore the above classification gives us 
many examples of finite-dimensional *-Hopf algebras. 

Let us consider the quotient spaces H\G w.r.t. the above subgroups H of 
G = SUq(2). Our aim is to compute the multiplicity Cq, of da in the spectrum 
of the action of G on H\G, a e N/2. According to Thm 1.7, are equal 
to the multiplicities Hq, of the trivial representation in the decomposition of 
OnGida) into irreducible components. We start with 



Proposition 2.5 

Let G — SUq{2), q e [—1, 1] \ {0}, and if be a subgroup of G described 
in Thm 2.1. Consider the quotient space H\G. Then Cq are equal 

a) Co = 1, Cq = for a > in the case of H = SUq{2) 

b) Cfc = 1, Ck+i/2 = 0, /c = 0, 1, 2, . . ., in the case of if = U{1) 

c) Cjfc = 2i?(^) + 1, Cfe+i/2 = 0, /c = 0, 1, 2, . . ., in the case of H — Z^, m 
even; 

Cfc = 2i?(A) + 1, c,+i/2 = 2Ei^) - 2E{^), A; = 0, 1, 2, . . ., 
in the case ol H = Z^, m-odd. 

Proof: a) OHG^da) = da, a G N/2, which gives the trivial representation 
only for q; = with cq — 1. 

b) Onoida) ^ e -2"^"+^ e . . . © -z^" (see [PI, eq.lO]). Thus the trivial 
subrepresentation occurs only for « G N (with multiplicity 1). 

c) Similarly as in b), Oneida) — z^m) ® ^(m)"^^ © • • • © hence is the 
number of elements in the set {—2a, —2a + 2, . . . , 2a}, which are divisible 
by m. The precise computation gives the results as in the formulation of the 
proposition. □. 

The remaining results concerning q = ±1 will be given in Section 3. 

In the following we shall illustrate Prop. 1.9 using the results of [PI]. Let 
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q G [—1, 1] \ {0}. We say that (X, F) is a quantum sphere if X is a quantum 
space, r is an action of SUq(2) on X and 

1) Cfc = 1, Cfc+i/2 = 0, /c = 0, 1, 2, . . ., 

2) generates C{X) (as C*-algebra with unity). 

Note. The notion of the quantum sphere, which is used in the present 
paper is more restrictive (for q G (—1, 1)\{0}) than that in [PI]. The present 
notion coincides with the assumption (for general q G [—1, 1] \ {0}) and the 
condition (i') of [Pl,Th.2]. 

In the remaining part of the Section q G (—1, 1) \ {0}. According to [PI, 
Th.2], (X, r) is a quantum sphere iff (X, F) is isomorphic to {S^^,aqc) for 
c G [0, oo]. Moreover, the constant c is unique. 

In [PI] we also considered {Sg^(^^^,agc(n)), where c(n) = + 5^"")^, 

n — 1,2, They satisfy the definition of the quantum sphere with 1) re- 
placed by 

l)n Cfc = 1 for /c = 0, 1, . . . , n — 1, all other vanish (see [PI, eq.l3b and 
eq.l4]). 

Proposition 2.6 (cf [PI, Sec.6]) 

Let q G (-1, 1) \ {0}, c G {c(l), c(2), . . .} U [0, oo]. Then 

a) (5^^, (Jgc) is quotient <^==^ c = c(l) or c = 

b) (S'g^, CTqc) is embeddable «^=^ c = c(l) or c G [0, oo] 

c) (5^^, (Tgc) is homogeneous 

Thus the implications in Prop. 1.9. a cannot be replaced by equivalences. 

Proof: a) It follows from Thm.2.1, Prop. 2. 5 and the properties of quantum 
spheres 

b) Due to [PI, Prop.4.II] (cf also [MNW, Corollary 3.8]), C{Sl^^^-^) ^ 
7r_|_(C(5'^^(-^))) = S(C"), n = 2,3,..., which has no characters. Therefore 
i^qc{n)i '^qc(n)) IS uot embeddable (otherwise eoip would be a character, where 
e is the counit of SUq{2)). For c = c(l) we set ipl = I. For c G [0, oo] 
we set ^l'{ei) = Skdi^^i, i = — 1, 0, 1, where (s_i, Sq, Si) equals {c^^"^, 1, c^/^) for 
c G [0, oo) and (1, 0, 1) for c = oo (due to sZ^ = Sk, aimSiSm = pi, bim,kSiSm = 
Asfe, k — —1,0, 1, and [P2, eq.5], ip{ei) satisfy [Pl,eq.2]). It is easy to check 
the equation $-0 — {'^®id)aqc on the generators e^. The faithfuUness of -0 
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follows from an argument similar as in the proof of [Pl,Th.l(i)=^(ii)]. 

c) is obvious. □. 



3 Quantum S0{3) groups. 



In this Section we describe subgroups and quotient spaces of quantum 
groups S0q{3), q e [—1,1] \ {0}. We treat as well the quotient spaces of 
SU,{2), q = ±1. 

We take di in the form 



/ a*^, -{q^ + l)a*j, -qj^ 
di = (di^ij)i,j=-i,o,i = 7*a*, I -{q'^ + 1)7*7, ^7 

V -?7*', + 1)7*«, a' 

(see [PI, Sec.2]). According to Prop.1.2, 50^(3) 

(C*({di,y, ij = -1,0, l}),di), q e [-1,1] \ {0}, are quantum groups (of 
[PI, Remark 3 after Th.2]). The set of their all nonequivalent irreducible 
representations can be chosen as {da}ae^ (they are generated by di). There- 
fore 

C{SOq{3)) =< damn - m,n^ -a,-a+l,...,a, aeN >= C(Z2\5'C/g(2)). 

(12) 

That is generated by the elements 



K = 7*7, A^a-f, C = a-f*, G ^-f^, L = a^. 

It is easy to check that 

L*L = (/ - K){I - q-^K), LL* = {I - q^K){I - q^K), 
G*G = GG* = K^, A* A = K-K^, AA* = q^K - q'^K'^, 
C*C ^K-K\ CC* = q^K - q'^K^, LK = q'^KL, 
GK = KG, AK = q'^KA, CK = q^KC, LG = q^GL, 
LA = q^AL, AG = q'^GA, CA = AC, LG* = q^G*L, 
A^ = q-^LG, A*L = q-\l - K)C, K* = K. 



(13) 



(14) 
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Proposition 3.1 

Let q G (—1, 1) \ {0}. Then C{S0q{3)) is the universal C*-algebra gen- 
erated by K, A, C, G, L satisfying 



Proof: It follows from 



Lemma 3.2 

Let q G (—1, 1) \ {0} and K, A, C, G, L be bounded operators in a Hilbert 
space H, which satisfy ([I^). Then there exist bounded operators «,7 in H 
which satisfy and (0). 



Proof: We analyse the representations of ([T^)- ^ 



Remark 1. Let q e (-1, 1) \ {0}. Then [Ta] (using the language of Hopf 
algebras) denotes S0q{3) by 5*052(3) and gives its relationship with 0^2(3) 
of [RTF], [Ta]. 



Proposition 3.3 (cf [Ta], [PI, Remark 3 after Th.2], [Z, Sec.2.3]) 
Let q G [—1, 1] \ {0}. Then 5*0,(3) is similar to 5'0_g(3): there exists a 
0*-isomorphism pg : 0(50,(3)) — > C{S0^g{3)) such that 

a) pgiK) = K, pgiA) = lA, pg{C) = iC, Pg{G) = G, Pg{L) = L, 

b) pq{di) = QdiQ^^, where Q = diag (1, —i, —1). 

Proof: We define C'*-homomorphism : C{SUg{2)) — > C{SU^g{2)) ® B{C^] 
by Tq{a) = a®cr^., T,(7) = j^o-y (cf Sec. 1.1 of [Z] in the case of g = —1). 
Then : 0(^0,(3)) — > C{S0_g{3)) ® span {/, a,}. The eigenvalues 1, -1 
of az correspond to C'*-homomorphisms Pg, Pq : 0(5*0,(3)) — > 0(5'0_g(3)). 
Using ([T3|), we get a) and analogous formula for pq, with i replaced by —i. 
Therefore P-qopq = id, Pqop^q = id, Pq is a 0*-isomorphism. The property 
b) follows from a). □. 
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Remark 2 (cf [PI, Remark 3 after Th.2]). Compact group of matrices 
S0i{3) is the image of SUi{2) = SU{2) under p = di : SU{2) — > S0i{3). 
Since di and /3 are both three-dimensional irreducible representations of 
SU{2), there exists a matrix M e GL(3, C) such that p{x) = Mp{x)M-^, 
X e SU{2). Thus S0i{3) = MS0{3)M-^ is similar to SO (3). We can take 



M = 



-1, -t, 
0, 0, 1 
-1, i, 



Due to Prop. 3. 3, we have also S'(9_i(3) = Q ^S0i{3)Q is similar to S'0i(3). 



We want to describe subgroups and quotient spaces of 5*05(3), q e 
[-1, 1] \ {0}. We start with 



Proposition 3.4 

Let H he a subgroup of G = SUq{2), q G [—1, 1] \ {0}, such that Z2 is a 
subgroup of H (sec Th.2.1.c). We set G = S0q{3), H = 
{eHG{C{G)),{eHG{di,rnn))Ln=-i)- Then ^ is a subgroup of G, C{H) = 
C{Z2\H). Moreover, = C C{G) C C{G), P^^^j = Th\g 

and consequently Cq, q; G N, are the same for both quotient spaces, Cq, 
q; e N + 1/2, vanish. 



Proof: It is easy to check that ^ is a quantum group and a subgroup of 
Gwith $^ = $^1^^^^, 

9fiG-0HG\,,^y (15) 

Using 

^Z2i?^ifG = 9z2G, (16) 

we get 

p n J _ / OHGda,mn for a G N 

Ez,\HOHGda,n.n - | q for « G N + 1/2. 
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Therefore C{7a2\H) = 9hgC{G) = C{H). By virtue of (0), one can obtain 
CiH\G) C C(Z2\G) = Therefore, due to (|15D and 



G 



G\ 



C{G)' 



(17) 



C{H\G) = C{H\G) as C*-subalgebras of G{G). Using (0), we obtain 
Hence, Corollary 1.6 gives that Cq, for H\G equals for 



r 



H\G 



H\G- 



H\G if a e N and if a e N + 1/2. 



Remark 3. Let us identify C*-isomorphic objects. The assumptions of 
Prop. 3. 4 are fulfilled for the following subgroups H of SUq{2): 

1) SU,{2), f/(l), (m G N) for q e [-1, 1] \ {0} 

2) where W is any compact subgroup of 5*0(3) for g = 1 (then 
H = p{H) = MWM~^, i.e. H is similar to W under M, hence Cq,, a G N, 
for H\SU{2) are the same as for W\S0{3), Cq,, a G N + 1/2, vanish) 

3) G/3-i(iy) where is any compact subgroup of 5*0(3) such that QqWqq^ C 
W ioT q = —1. 

They are not fulfilled in the remaining cases: 

1) ' Z2m+i (m G N) for q G [-1, 1] \ {0} 

2) ' (Z2^+i)n (m G N) for g = 1 ((Zs^+Oea = Za^+i for q = 1) 

3) ' the cases Ic)-Id) with odd n for g = —1 



It occurs that Prop. 3. 4 gives all subgroups of 5*0^(3) for q G (—1, 1)\{0}: 



Theorem 3.5 

5*Og(3), q G [—1, 1] \ {0}, has the following subgroups: 

a) ^0,(3) = (0(50,(3)),rfi) = SU,i2) 

b) 50(2) = {C{S^),z®I®z) ^ U{1) 

C) Gn = {G{Zn),Z(^®I®Z(^n)) ~ Z2n,n = 1, 2, . . . 

For q G (—1, 1) \ {0} the above list contains all subgroups of 5*0^(3) (up to 
0*-isomorphisms, without repetitions). 
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Proof: We prove the first statement similarly as in Th.2.1 (in order to 
prove the second relations we use the fact that C*-homomorphisms ip '■ 
C{U{1)) — > C{U{1)) and V'n : — > C{Z2n) defined by ^p{z) = z^, 



n 



1,2, 



group of S0g{3), <| g |< 1. 

L*, 
A*, 
-qG* 



are faithful). Let now H = {B, 
Then 



be a sub- 



-q~\q^+l)C\ -qG 
I-iq^ + l)k, A 
-q-\q^ + l)C, L 



where the elements K, A, C, G, L generate B and satisfy (0). Due to Lemma 
3.2, there exist a, 7, which satisfy (|^) and (|T^. Let us replace a by a ©(—a) 
and 7 by 7 ©(—7) (it changes H only up to a C*-isomorphism). Hence, 
Sp 'J = —Spy. Moreover, we can assume that a, 7 have one of two forms 
given in the proof of Th.2.1. In the first case we use the equality 

^hG = L*®G + {1+ q-^)C* © i + G © L. 

Similarly as for SUq{2) we get Sp ^hG = Sp G = Sp G. Thus Sp j = Sp 7, 



A 

G 



S'^. We can identify H with S0q{3). In the second case K = A = G = 
0, while L = U^. But = L®L, hence Sp L = S^ or Sp L = Z„, 
72 = 1, 2, . . .. We get (up to a C*-isomorphism) the cases b) or c). These sub- 
groups are distinct since the corresponding C*-algebras are nonisomorphic. 



Combining Prop. 2. 5 with Prop. 3. 4, one gets the values of Cq, a G N, for 
those subgroups. 

Under similarities 5*0-1(3) ~ 501(3) ~ 50(3), compact subgroups of 
50_i(3), 50i(3) and 50(3) are in one to one correspondence, hence Cq, 
a G N, are the same for quotient spaces in all three cases. Those values are 
given by 



Proposition 3.6 

Let W he a compact subgroup of 5*0(3). Consider the quotient space 
1^\5'0(3). Then c^, /c G N, are equal 
a) Co = 1, Cfc = for > in the case of W = 50(3) 
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b) Ck = 1 for A; G N in the case oiW = S0{2)^ 

c) Cfc = 1 for /c e 2N, Cfc = for A; e 2N + 1 in the case oiW = D0{2)^ 

d) Ck — 2E{k/m) + 1 in the case of 1^ = Cm,n 

e) Cfc = E(k/m) + 5k {Sk — 1 ior k = (mod. 2), Sk — otherwise) in the case 

of = Dm,n,^ 

f) Ck = E{k/6) + Sk {Sk = 1 for /c = 0, 3, 4 (mod. 6), Sk = otherwise) in the 
case of Tn ,^ 

g) Ck = E\k/12) + Sk {Sk = 1 for A; = 0, 4, 6, 8, 9, 10 (mod. 12), Sk ^ other- 
wise) in the case of O^,^ 

h) Ck = E{k/30)+5k {Sk = 1 for A; = 0, 6, 10, 12, 15, 16, 18, 20, 21, 22, 24, 25, 26, 
27, 28 (mod. 30), Sk = otherwise) in the case of In,<j)- 

Proof: Due to Th.1.7, is equal to the multiphcity of the trivial repre- 
sentation of W in 6wso{3)dk- Let Xk = Tr{6y\/so{3)dk) and dw denotes the 
Haar measure on W. Then Ck = {xo \ Xk) = Iw Xk{w)dw. Using the formula 
Xk{'w) = J2s=-k,-k+i,...,k ^'''^^ (where (p is the angle of the rotation w), we get 
the above results. □. 



Now we pass to the description of quotient spaces for SUq{2), q = ±1. 
The cases 1), 1)',2) of Remark 3 are already solved. The case 3) is given by 

Proposition 3.7 

Let be a compact subgroup of 5*0(3) such that QoWgQ^ C W. Then 

1. (cf [Z, Sec. 2. 3]) Under similarities 

SO-i{3) r^f" SOi{3) ~ SO{3) 

we have 

(up to C*-isomorphisms) . 

2. The quotient spaces Gf}-i^w)\SU^i{2), p-^{W)\SU{2), Gp-i^w)\SO^i{3), 
p-HW)\SOi{3), 1^\5'0(3) have the same coefficients Ca, a e N (c^, a e 
N -I- 1/2 vanish for the first two quotient spaces). 
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Proof: 1. We denote Z = (3-\W) C SU{2). We shall prove the first 
similarity. One has 



%zSO-i(3)Pl(^l) - ^GzSU-ii2)Pl 



L\ -2C\ -G 
A\ 1-2K, A 
-G\ -2C, L 



wez 



L*, 2ic*, -a 

-iA*, 1-2K, lA 
-G*, -2iC, L 



wez 



2acaz, —c^ 
—acUzi 1 — 2cc, —acUz 
— c^, 2ac(T2, a? 



-2ac, 



wGZ 



fwe used the fact 



ac, 1 — 2cc, ac 
—c^, —2ac, 



OzSU{2)dl — %50i(3)^l 



a, — c 
c, a 



a, c 
— c, a 



e Z). Thus 



(3) 



^Gz50_i(3)Pi some C*-isomorphism A : C(Z) — > C{Gz)- Therefore 

Gp-i(w) ~ j3~^{W). The second similarity is given in Remark 3. 

2. It follows from 1. and Prop. 3.4. □. 



In the case 2)' the coefficients Cq, a e N/2, for (7i2m+i)r\SU {2) are the 
same as in Prop. 2.5 in the case oi H = Z2m+i ((Z2m+i)n are similar one 
to another under unitary matrices; such similarities don't change SU{2)). It 
remains to consider the case 3)': the case Id) with odd n is covered by the 
case 1)', while the case Ic) with odd n is solved by 



Proposition 3.8 

Let Z = {02TTk/n, K2TTk/n+4>o-TT/2 : k = 0, 1, . . . , 71 - 1} where < 0o < 
27r/n, n is odd. Consider the quotient space Gz\SU-i{2). Then q = 
E{l/n) + Si, Q+i/2 ^ E{^)- E{^) where 5i = 1 for Z even, 5; = for 
I odd, I e N. 
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Proof: Since Z G L, C{Gz) is commutative. Using Th.1.5 of [W3], we 
can identify Gz with {02^k/n, S2nk/n+<i>o-^/2 : /c = 0, 1, . . . , n - 1} C ^7(2), 
where 




Then ci = J(.^xiiw)dw, I G N/2, where xi = Tr{9GzSu.ii2)di) and dw 
denotes the Haar measure on Gz- Using the formula XiXi/2 = Xi-i/2 + 
Xi+i/2, I > 1/2 (it follows from diQdi/2 ~ di-1/2® di+1/2), we get Xi{0^) = 
Y.s=-2i,-2i+2,...,2ie''^ I e N/2, xi{S^) = (-1)' for I e N, xi{S^) = for 
Z e N + 1/2. An easy computation gives the result. □. 



Remark 4 (cf [PI, Remark 3 after Th.2]). Let {XgXp, agXp) be as in [PI, 
Sec.3], q e [—1, 1]\{0}, and e^, k — —1, 0, 1, be the corresponding generators. 
Then 

agXp : C{XgXp) C(X,Ap) ® C(50,(3)) C C{XgXp) ®C{SUg{2)). 
We set 

Kxp = iid<»Pg)(T,Xp : C{XgXp) C(X,a,) C(50_,(3)) 
cC(X,Ap)«)C(>SC/_,(2)). 

The C*-isomorphism A : C{XqXp) — > C{X_qXp) given by A(e_i) = —ie~i, 
A(eo) = eo, A(ei) = iei identifies {XqXp^cFqXp) with {X_qXp,(7-q\p)- Therefore, 
using [PI, Remark 2 after Th.2], we get that 

^) ('^'±10) cr±io) = (-^±101, c±ioi) is a unique (up to an isomorphism) quantum 
sphere for g = ±1 

b) The above object and (-'^±i,i,(z2_i)/4, (T±i,\,[p-i)/i)-i Z = 2, 3, . . ., are unique 
(up to an isomorphism) objects which satisfy the assumptions and the con- 
dition (i) of [PI, Th.l] for q = ±1. 

Using Prop. 3. 4, Th.3.5 and [PI, Sec. 6], we get the following realisations 
for the quotient quantum sphere (with the corresponding action of the group) 

(X,,i_,2,i,a,,i_,2,i) = {S'q„aqo) ~ U{l)\SUq{2) = 50(2)\50,(3), 

ge[-l,l]\{0}. 
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Remark 5. Here we use the terminology of [P5]. Let q G [—1,1] \ 
{0}, c G [0, cxd] (c = for g = ±1). Then A of Remark 4 identifies 
Ac for q with Ac for —q. Using that identification one can check that 
{S^, a^, d, *) is a (2)-dimensional exterior algebra on S^^, invariant w.r.t. age 

iff {S^, {id® pq)a'^, d, *) is a (2)-dimensional exterior algebra on S'^^^, invari- 
ant w.r.t. (7_qc- The same holds if we restrict ourselves to S^^ © . . . S'^^ for 
some /c = 1, 2, . . ., (with suitable restrictions of all structures in S^, without 
* or with *) instead of S^. That and [P5, Theorem] for q = 1 prove that 
[P5, Theorem] holds also for q — —l (cf the remarks at the beginning of [P5, 
Sec. 2]). 

Remark 6. The results of the paper give a proof that the Haar mea- 
sure is faithful for all SUq{2), SOq{?>), q G [-1, 1] \ {0} (the proof in [PI, 
Sec.4] is vahd only for SUq{2), q G (-1, 1) \ {0}, the case of 5t/_i(2) follows 
from [Z, Sec. 2. 3]). Indeed, let G = {A,u) be a quantum group, h be the 
Haar measure, J — {b e A : h{b*b) — 0} be the corresponding closed two- 
sided ideal, tt : A — > A/ J be the canonical projection and Uj. — {id®T:)u. 
Then, according to [W3, p. 656], Gf = {A/ J, u^) is a quantum subgroup of G, 
{7r(-u°)}^g(A, is the set of all noncquivalcnt irreducible unitary representations 
of Gr- Thus Cq = 5oa foi' the quotient space Gr\G. Therefore, for G = SUg{2) 
or SOq{3), our results show that Gr — G (up to a C*-isomorphism) , J = {0}, 
h is faithful. 



Remark 7. Throughout the paper we dealt with the right actions. We 
say that a C*-homomorphism F : C{X) — > G{G) ® C{X) is a left action of 
a quantum group G on a quantum space X if 

a) {id®T)T = {^G^id)T 

h) <{y0 1)Tx : x G C{X),y G C{G) >= C{G) C{X). 
In that case a vector subspace W C C{X) corresponds to a representation 
V oi G a there exists a basis ei, . . . , in 1^ such that d — dimv and Fck — 
Vkm®Gm-, k = 1,2, . . .d. It occurs that for G — SUq{2) or G = S0q{3), 
q G [—1, 1] \ {0}, there exists a bijective correspondence between the right 
and the left actions on any quantum space X: if F is a right action then 
F' = {X(^id)aT is a left action (C*-isomorphisms A : C{G) — > C{G) and 
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a : C{X)®C{G) — ^ C{G)®C{X) are given by A(a) = a, A(7) = 7*, 
a{x(g)y) =y®x, X e y e C(G); one has $gA = (A(8)A)(J$g, cgA = 

cg). That correspondence gives a bijective correspondence between right and 
left quantum spheres (defined analogously as in the present paper). 

There exist matrices Si G M2i+i(C), / = 0,1,..., such that \{di)^ = 
{Sf)~^diSf' . We can take 



S — Si — {Si^ij)ij^ 



-1,0,1 




Let us consider the right quantum spheres {Sq^,aqc), q G [—1, 1] \ {0}, c G 
[0, 00] (for g = ±1 we have c = 0), and their generators e^, k = —1, 0, 1. We 
denote the corresponding left quantum spheres by (5*^^ , cr'^^) . Then S^^ = 
S"^^. Setting e'f, = SikCi, one has ciq^e'^ = di^kj®e'j, k = —1,0,1. We put 
a' = (^-i®^-i)a G M9xi(C), b' = {S-^^S-^)bS, c' = (^"^ ® ^"i)c^2- 
Then 

a'^(6'"^, c'^, resp.) intertwines rfiQrfi with (io((ii, (i2, resp.). 

One can use X'^^^ = XgXp, a'^^p, e'^, a', b', c', instead of XgXp, cfqXp, e^, a, b, c. 
Cf also [NM]. 

All the results of the present paper preceding this Remark, [PI, Thm 
1 and Thm 2], [P2, Thm 1] and [P5, Thm] remain true if we use the 
left actions and the left quantum spheres (after appropriate modifications, 
e.g. eq. (|) takes form E^^E^j = [(pg ® p^„)$G ® zrf]r = 6jJa(f^)E^m, 

Cats = E[^^ea:ii, Eq / H = {"^d ® h h) {id 6 hg)^g j for c G [0, oo] we use the 
embedding ip' = \ip: ip^e'^ = di^iks'j^ with s'^, = SjkSj, ip' gives the isomor- 
phism {Sl^, a^o) ^ 5f/,(2)/[/(l), g G [-1, 1] \ {0}, c = 0). 



Acknowledgements. I am very indebted to Prof.S.L. Woronowicz for stim- 
ulating discussions. A part of this work was done during my stay in RIMS, 
Kyoto University. I am grateful to Prof. H. Araki for his kind hospitality 
there. I also thank a referee for his useful remarks. 



28 



References 

[Dix] Dixmier, J., Les C*-algebres et leurs representations, Gauthier- 
Villars, 1969, Paris. 

[Dr] Drinfeld, V.G., Quantum groups, Proceedings ICM-1986, Berkeley, 
798-820. 

[J] Jimbo, M., A q-difference analogue of U{g) and the Yang-Baxter 
equation, Lett. Math. Phys. 10(1985), 63-69. 

[MNW] Masuda, T., Nakagami, Y. and Watanabe, J., Noncommutative dif- 
ferential geometry on the quantum two sphere of Podles.I: an alge- 
braic viewpoint, K- Theory 5(1991), 151-175. 

[NM] Noumi, M. and Mimachi, K., Quantum 2-spheres and big q-Jacobi 
polynomials, Commun. Math. Phys. 128(1990), 521-531. 

[NYM] Noumi, M., Yamada, H. and Mimachi, K., Zonal spherical functions 
on the quantum homogeneous space SUq{n+l) / SUq{n), Proc. Japan 
Acad. 65, Ser.A, No.6(1989), 169-171. 

[PI] Podles, P., Quantum spheres, Lett.Math.Phys. 14(1987), 193-202. 

[P2] Podles, P., Differential calculus on quantum spheres, 
Lett.Math.Phys. 18(1989), 107-119. 

[P3] Podles, P., Quantum spaces and their symmetry groups, Ph.D. thesis, 
Warsaw University, 1989 (in Polish). 

[P4] Podles, P., Differential calculus on quantum spheres, RIMS 
Kokyuroku Series, No.751, May 1991. 

[P5] Podles, P., The classification of differential structures on quantum 
2-spheres, preprint RIMS-865, to appear in Commun. Math. Phys. 

[RTF] Reshetikhin, N.Yu., Takhtadzyan, L.A. and Faddccv, L.D., Quanti- 
zation of Lie groups and Lie algebras, Leningrad Math. J. 1(1) (1990), 
193-225. Russian original: Algebra i analiz 1(1989). 



29 



[Ta] Takeuchi, M., Quantum orthogonal and symplectic groups and their 
embedding into quantum GL, Proceedings of the Japan Academy, 
Vol. 65, Ser.A, No.2(1989). 

[VSl] Vaksman, L.L. and Soibelman, Ya.S., Algebra of functions on the 
quantum group SU{2), Funkc. anal. pril. 22(1988), no. 3, 1-14. 

[VS2] Vaksman, L.L. and Soibelman, Ya.S., unpublished manuscript. 

[Wl] Woronowicz, S.L., Pseudo spaces, pseudogroups and Pontryagin du- 
ality, Proceedings of the International Conference on Mathematics 
and Physics, Lausanne 1979, Lect. Notes in Phys. 116, pp. 407-412, 
Springer 1980. 

[W2] Woronowicz, S.L., Twisted SU{2) group. An example of a 
non- commutative differential calculus, Publ.RIMS, Kyoto Univ. 
23(1987), 117-181. 

[W3] Woronowicz, S.L., Compact matrix pseudogroups, 
Commun.Math.Phys. 111(1987), 613-665. 

[W4] Woronowicz, S.L., Tannaka-Krein duality for compact matrix pseu- 
dogroups. Twisted SU{N) groups, Inv.Math. 93(1988), 35-76. 

[W5] Woronowicz, S.L., Differential calculus on compact matrix pseu- 
dogroups (quantum groups), Commun.Math.Phys. 122(1989), 125- 
170. 

[W6] Woronowicz, S.L., Unbounded elements affiliated with C* -algebras 
and non-compact quantum groups, Commun. Math. Phys. 
136(1991), 399-432. 

[W7] Woronowicz, S.L., A remark on compact matrix quantum groups, 
Lett. Math. Phys. 21(1991), 35-39. 

[W8] Woronowicz, S.L., Quantum SU(2) and E{2) groups. Contraction 
procedure, Commun. Math. Phys. 149(1992), 637-652. 

[Z] Zakrzewski, S., Matrix pseudogroups associated with anti- 
-commutative plane, Lett. Math. Phys. 21(1991), 309-321. 



30 



